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Lifting Surface Theory of Axial Compressor Blade Rows:
Part [—Subsonic Compressor
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The authors’ three-dimensional, inviscid linearized lifting line theory of compressible flow past a lifting axial
compressor rotor is developed into a lifting surface theory. A solution is constructed by distributing bound vortices
of varying strength in the radial and chordwise directions over the surfaces of the rotor blades, and expressions
are obtained for the induced velocities everywhere. The general solation shows features of axisymmetric through-
flow actuator disk theory, in addition to describing the details of the flow dependent on the detailed blade loading
and geometry. Attention is focused on the case where the relative Mach number is everywhere subsonic, and for
this case, the quasi-two-dimensional approximation to the flow at each radial section is extracted from the general
solution. The latter approximation is shown to consist of both the local flow due to an equivalent actuator disk
and the Jocal two-dimensional cascade flow at the section. Three-dimensional corrections to these approximations
are then obtained, and are identified as being primarily due to the vortices concentrated in the blade wakes.
Camber-line profiles corresponding to prescribed loading distributions are computed, and the influence of the

wakes on these profiles demonstrated.

Nomenclature

(r,x,0) = right-handed coordinate system denoting radial, axial,
and azimuthal directions, respectively

o = angular velocity of rotor

U = axial velocity of airstream far upstream of rotor

U, = local velocity relative to the blade

(o, 2 0) = (wr/U, wx/U, §) = dimensionless coordinates

{ = helical coordinate, defined by { = -z

B = number of blades

4 = sawtooth periodic function of 0 and 2z such that
3(,/80 = 1, and 8(,/dz = 1 everywhere. and with
discontinuities of magnitude 2n/B at { = +n/B,
+3n/B...

M = axial Mach number of undisturbed flow

/‘ — (l — M2)1/2

(ry. o) = hub and tip radius, respectively

n =r/ry=plpr

h = ry/rr, ratio of hub to tip radius

®,(p,z,6) = lifting line velocity potential

®(p,z,0) = lifting surface velocity potential

I'(r) = total integrated blade loading at each radius

r = mean loading across the blade span, defined by

2 1
r= s J; nk(n)dy

G.s(nBp) = wake function corresponding to lifting line theory

K = radial eigenvalues

R.5(Kun) = orthonormal radial eigenfunctions

nk = coefficients of the Fourier-Bessel expansion of I'(r) in a

series of the orthonormal characteristic functions,
R,p(Kni1)

H,, = coefficients of the Fourier-Bessel expansion of G,z(nBp)

in a series of the orthonormal characteristic functions,
o Rop(Ku 1)
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=tan" ' p, complement of local stagger angle
= strength of distributed vortex system over the chordwise
extent of the blades, such that

Cpulr)
f y(p, &) déjcos ¢ = T'(p)
0

axial projection of the blade chord

local blade chord

eigenvalue for axial eigenfunctions

= local mean blade loading across the span defined by

. 2 !
y(&) = i ﬁj [v(n, &)/cos ¢y dy
0,

= 1a{#. &) = wake function corresponding to a bound
vortex filament at position ¢ along the blade
chord
= coefficients of the Fourier-Bessel expansion of
y(n. &)/cos ¢ in a series of the functions R,5(K . 77)
coefficients of the Fourier-Bessel expansion of y,(n, &) in
a series of the functions R, g(K . 17)
= induced perturbation velocities in the (x, 0, r) directions
azimuthal distance, measured from the zeroth blade
leading edge = (0 —7/B)
= coordinates measured along the local chordwise direc-
tion, from the blade leading edge
= coordinate orthogonal to x" and »
perturbation velocity componentsin the (x', y,’) directions
vorticity components of the flow
abbreviation for 8- w&/U + M?/fHz—wmé/U)
= two-dimensional limiting form of the axial eigenvalue at
radius r
local relative Mach number at radius r
(1-M,2)2
- (1\/1,2 _ 1)1/2
= local blade spacing, =2nr/B
yo—Etan ¢+ M2/ x—E) tan ¢ =
V(M 2B tan ¢ — (E/7) tan
circumferentially averaged pressure rise coeflicient from
far upstream to far downstream of the rotor
blade chordwise loading function, defined by Eq. (41)
operators defined by Eq. (38)
functions defined by Eq. (46)
modified loading when actual loading has nonzero
derivatives at root and tip
(T Ty)T
= reference mass density, far upstream of rotor
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Hke = — Ay, When 4, i1s imaginary

Superscripts

ud = upstream {x < 0); downstream (x > c¢,,), respectively

i = between the blade leading and trailing edges, (0 <
X g (,‘ﬂX)

Subscripts

ad = refers to induced velocities in the plane of an equivalent

actuator disk

2D = local quasi-two-dimensional approximation

3D = three-dimensional corrections to the cascade-through
flow theory

(H, T) = hub and tip conditions

(— oo, + o0)= far upstream and far downstream conditions

I. Introduction

RESENT practice in the design of compressor blade rows

is based largely on the assumption of the applicability of
the two-dimensional cascade flow at each blade section, supple-
mented by additional information obtained from axially
symmetric through-flow theories. The latter theories however
are only partially successful in giving an adequate picture of
the three-dimensional flowfield. For example, they are insensitive
to the number of blades of the rotor, since the assumption of
axial symmetry implies infinitely many blades.! Thus, they fail
to account for the effects of the individual trailing vortices
behind the blade row.

In the following, a linearized three-dimensional lifting surface
theory of axial compressor blade rows is presented. When
averaged azimuthally, the theory displays the same features as
the axially symmetric through-flow (actuator disk) theory. The
general theory reduces, in its two-dimensional limiting form, to
the local two-dimensional cascade flow at each blade section,
plus an equivalent actuator disk-type flow. This enables us to
derive what we have called “three-dimensional corrections” to
the above quasi-two-dimensional flow, these being due to the
finiteness of the blade spacing and the induced velocity field of
the concentrated vortices in the blade wakes. The magnitudes
of these latter two effects are studied numerically for a rotor with
prescribed chordwise and radial loading distributions.

In the present paper, attention is confined to rotors in which
the relative Mach number is everywhere subsonic. In Part 2,
transonic rotors will be separately treated. When the loading is
uniform radially, there is of course no wake, and the only
difference between the cascade-through flow theories and the
present theory is in the finiteness of the blade spacing. This
effect is shown to be very small. However, when the integrated
chordwise loading varies from root to tip, the presence of
trailing helical vortex sheets introduces additional induced
velocities, which can be quite significant. The induced velocities
obtained from the general theory are used to compute the
camber-line profiles consistent with the prescribed chordwise
load distributions, and the importance of including wake effects
is demonstrated.

In an earlier paper,” a three-dimensional lifting line theory of
axial compressor blade rows was presented. In that theory, each
blade was represented by a bound vortex line of varying strength
I'(r) along the span. The theory was helpful in providing
information for which a detailed knowledge of the loading
distribution on the blade was not essential. Thus, it yielded the
first-order static pressure rise across the rotor, the fluid turning
angles and the first-order torque. By extending the calculations
to second order, the losses due to the wakes and acoustic
radiation (for supersonic relative Mach numbers) were estimated,
and further, these second-order calculations were shown to be
consistent with satisfaction of radial equilibrium downstream of
the rotor. A shortcoming of the theory was that it could not
show how the development of the flowfield depended on the
detailed loading on the blades, or provide such information as
the pressure distribution on the blades, or the blade camber
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consistent with prescribed loading profiles. The present theory
removes these limitations.

The starting point for the lifting surface theory is the lifting
line velocity potential given in Ref. 2 as

B (& —Ty
> 52{2 * 2" Ro(K 1)+

k=1 2/ok
o n lﬁz(‘l)n ]
—1y 7’£
Zl k=1 |: Ank ~

®,%p.0,2) =

“(rnk + Ilnk)

einBB e(inBMZ/ﬁZ—#)v,,k)anB(Knk ’1)} (1)

B —T
®,%p, 0, Fz+pT -
0.0.2) = 5 { i ('M’*k L Vg
e‘l""ZRo okn)+ﬁ2 Z Z )2" BIikeMB:RnB( nkn)_*_
n=1k=1
= = [(=1y zﬁz(-l
Z Z [ } an (Fnk+an)
n=1k=1 nk

einBB e(inBMZ//}Z - ;\nk)anB(Knk ’7)} (2)

where the real parts are implied. Equations (1) and (2) represent
the velocity potential due to B rotating “spokes™ of bound
vorticity, plus that associated with their wakes of shed vorticity
when I' # const.

In these equations, p = wr/U, z = wx/U, @ is the angular
velocity of the rotor and U is the axial velocity of the airstream
far upstream of the rotor. {(r, x, 8) is a right-handed coordinate
system denoting the radial, axial, and azimuthal directions,
respectively. The superscripts u, d denote upstream (z < 0) and
downstream (z > 0), respectively. The coordinate { is a helical
coordinate defined by { = 0— z, after Goldstein® and Reissner.*
Also, n = r/ry where rr is the radius of the blade tip. The symbol
h. in Ref. 2 has been replaced here by H,,. Correspondingly,
the wake functions, which in the above reference were denoted
by y.s(nBp) are here denoted by G.z(nBp). This slight change in
notation is made so as to distinguish these quantities from their
corresponding lifting surface analogs, for which we shall retain
the symbols h,,; and g, which now however depend on the axial
coordinate, as we shall see subsequently. All other symbols in
Egs. (1) and (2) have exactly the same meaning as in Ref. 2. For
ease of reference in what follows, we repeat the following :

1) The H,’s are the coeflicients of the Fourier-Bessel
expansion of the wake functions G,z(nBp) in a series of the
orthonormal characteristic functions R,5(K,.7), while the T',;’s
are the coeflicients for a similar expansion of the radial loading
distribution I'(3). These coeflicients are given by

1
[Ink = J‘ rlGnB(nBrl)RnB(Knk 1’]) di’]
! 3)
Fnk = J‘ rlr(n)RnB(Knk i’]) d?’]
h

where h is the hub-to-tip radius ratio.

The wake functions themselves, obtained by a modification
of Reissner’s method,* are written out in the Appendix. Note
that they vanish when I'(n) =const =T. The characteristic
functions R,z(K . 1) are normalized linear combinations of Bessel
and Neumann functions, fully described in the Appendix to
Ref. 5.

2) The parameter T' is the mean loading across the span
defined by

2 1
N=—-3>5 J nl(n) dn 1G]
h

and is proportional to the torque required to drive the rotor
as well as the mean pressure rise [Eq. (51)].

3) The function {; in Eq. (2) is the “saw tooth” function used
by Reissner,* the essential properties of which are that 4,/00 = 1,
0(,/0z = — 1 everywhere, while the function itself is discontinuous
by an amount +2n/Bat{ = +n/B, +3n/B....
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4) The K, ’s are radial eigenvalues, satisfying the condition
that R, 5(K.,) = R,5(hK,) = 0 which implies the vanishing of the
radial velocity component at the shroud and hub.

5) Finally, the 4,,’s are axial eigenvalues and are given by

1 /K 2 2nR2aq2\1/2
= (— - 'ﬂ) 8
B\ pr B
Recalling from Ref. 2 that for imaginary values of 1, to
oceur, pg < pp, where pg = i/M is the dimensionless radius of
the sonic cylinder, it follows that in the present case, all the
Aw’s are real and positive.

II. The Lifting Surface Theory

In the present theory, we attempt to construct a solution due
to a distributed bound vortex system of strength y(p, &) distri-
buted over the chordwise extent of the approximately helical
surfaces representing the blades. Figure 1 shows the various
systems of coordinates and notations used in what follows. For
a lifting rotor, I'(p) and y(p, &) as shown are negative.

The blade leading edges are at 0 = +n/B, +3n/B... with the
zeroth blade leading edge at § = n/B. (£, x) are coordinates in
the rotor axial direction, while y, = r(0—n/B) is the peripheral
distance at each radius, measured from the zeroth blade leading
edge. (&, x') are coordinates in the local chordwise direction
which is taken to be the direction of the helix of advance of the
rotor, characterized by the angle ¢ =tan ' (wr/U)=tan "' p
which it makes with the axial direction. y, is in the normal
direction to x'.

The bound vortex distribution y(p, £) is to be such that at each
radius, the chordwise integral gives the local circulation TI'(r)

around the blade.
Canl®) d¢
J , =T(p) (6)
° cos ¢

Thus

This distributed vortex system is equivalent to a system of
bound vortex filaments distributed along the chordwise direction,
each having a varying strength in the radial direction. Each
filament has its own wake, composed of trailing vortices, and
whose field can be described by expressions such as Eqs. (1) and
(2), provided T'(p) is replaced by y(p, &) dé/cos ¢, and “upstream”
and “downstream” are taken to refer to positions upstream and
downstream of the vortex filament in question. Equations (1) and
(2) can thus be regarded as a Green’s function solution, from
which the field of the complete vortex system may be obtained
by appropriate superposition. In doing the above superposition,
the following should be noted.

1) Account must be taken of the differing axial and azimuthal
position of each bound vortex filament.

2) The wake function for each bound vortex filament retains
the same form as given in Ref. 2 and the Appendix, except that
I'(p) is everywhere replaced by y(y, £)/cos ¢ inside the integrals.
The functions thus also become dependent on & and will here be
referred to as y,x(nBp, &) = 1.(n, &).

x = X'cos o~y|f sing
Yr=x'sind+y cos ¢
€ = §'cos 9, Cax=Ccosd

Fig. 1 Systems of coordinates and bound vortices.
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3) The quantities T, Ty, H,, T, T appearing in the Green’s
function solution are replaced by

Y&, w8, W) v(n, E)/cos ¢

where

x:(1, &) Z,l B ) Ryp(K e )
hu(&) = j Ntn(n, &) Rup (Ko ) dny

W, Ofcosd = Y yu@Ru(Kun); 0
k=1

o (7N
+kZ TalEORo(Kr);  n=0
1
y}lk(é) :j (—% nB(Knkn) d}’], n 20
2 (1. &)
0 = #hzﬁ o

Note that it follows that not only the h, but all y,, =0 when
y/cos ¢ = constant.

We are then led to the following solution for the entire vortex
system and their associated wakes.

B o
(p, z,0) = > [)’ZJ‘ {kzl - YT’fk
] 2 —1
) z[ il I,

n=1k=1

Fodz = 0O R (K i) +

( nk(f)+)’nk(5))] x
@mBOT oY) HUnBM2E T A0l R (K L ’7)} =

B [Ca

B Cox _ £
q)d(p’ Z, 0) = i;ﬁ'zjvo dé {’Y(c) <Z - %) +

ﬁZV("I 3] & Yal8) ~lazm@dUR (K p)+
cosd) - & —-*2/10" € oKa?

lﬂz 1w inB{
Z Z (= 1)) €™ Rop (K i 17) +

nlklnB

SPal8) A1)
Z Z [(‘1) T T(hnk(f)+vnk(é))] x

n=1k=1

plMBO—wi/l) (inBM?2/f2 — Ay)(z— wé/U)RnB(K"k '7)} =

B (Cw wc,
) T ag[set; > g
znﬁz J‘O é[ ] z= U ( )
, B [~ Cux
D(p, z,0) = WJ 5 df—*—J o dé};
0 x
WDCax

0Lz

(10)

For the sake of brevity in what follows, we shall write the
coefficients hyu (&), yu() merely as hy,, ., their dependence on
¢ being understood. Similarly, the functions Ro(K . #7), Rug(Kux#)
will simply be written as R, and R, respectively.

An alternative approach to the lifting surface theory, involving
the use of pressure dipole representations, has recently been
given by Namba.® In this approach, a solution for the disturbance
pressure, as opposed to the velocity potential, is sought.

I1I. Induced Velocity Field

The axial, tangential, and radial perturbation velocities”
(u, v, w) are obtained, respectively, from
w 0O w 0D w 00

Sttt === =
=G "Teva “Tupa WD
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where the appropriate expression for @ is used, depending on
the region of interest. We now proceed to compare results of the
present theory with actuator disk and cascade theories.

A. Relation to Axisymmetric “Through-Flow” or Actuator
Disk Theories

The essential basis of the through-flow theories is that they
average out the peripheral fluctuations in the flow, distributing
the vorticity throughout the wake, rather than having it concen-
trated in individual vortex sheets. To compare the present
theory, therefore, we may take the peripheral averages of the
velocity profiles obtained from Egs. (8, 9, and 11). If these
averages are denoted by the symbol ( ), it is easily shown that

C 5 (max}
(uy =~ 4n,]ﬂ2 Zj dg ez, Ry (122)

(=0 (12b)
(OB ®© C o (max) .

¥ d “Aak(z*wé/v) , R, 12¢

w) ArpU =, J; le Yok o (12¢)
and that
co Cax {max)
(13a)
(vy? = BT (n)/2nr (13b)
d wB & [ (mmd w Atz @&/ T) ,

s o . R 13

W= = U 2, j s ok o (132)

It is apparent from Egs. (12¢) and (13c) that the peripheral
averages of the radial velocity decay nearly symmetrically about
z = (. For a blade of zero chord, these velocities are symmetrical
about the z =0 plane as in actuator disk theory, vanishing at
large distance from the blade. Similarly, the peripherally
averaged axial perturbation velocity decays exponentially to
zero far upstream while far downstream, it varies with radius
according to the relation

wB and)
<“>d(2—’ o) :iﬁfgjl /32I( ) = Lr /32 (r Bzr) (14)
where ¢ is the local freestream air angle (tan"' wr/U), and

L, = 2x=r/B is the local blade spacing.

The corresponding tangential velocity is zero everywhere
upstream, jumps across the blade row to BI'(r)/2nr, and has that
value everywhere downstream. In ail the above features, the
present theory is similar to the actuator disk and related
theories.! Furthermore, the mean of the far upstream and far
downstream values of <u) and (v) may be interpreted as the
induced velocities in the plane of an equivalent actuator disk
replacing the actual blade row. Denoting these values by u,40),
,4(0), respectively, we have

i) = 50 (O 1) (15)
02d0) = BT (1) (15b)

Expressed as components along and perpendicular to the chord-
wise direction of the blade, these may be written, after some
rearrangement, as

I'sin qb sin ¢
ad(o) 2L B2 2L /{2 ( ) (163)
) = P e «»S»i-ri—fm( r—I  (16b)

2L, B2 21, B*cos ¢

In the previous equations, the first term represents the
contribution of the local circulation to the induced velocities in
the plane of the rotor (actuator disk), while the second term,
proportional to (I'—T), represents the contribution of the
azimuthally averaged wake, and would be zero for uniform
loading. An alternative interpretation of the (I'—T) contri-
butions, in terms of the displacement of the mean stream surfaces,
is given in Ref. 7.

As pointed out in Ref. 7, the vorticity field, Q, defined by
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Eqgs. (12a, b, and c), is everywhere zero, while that defined by
Egs. (13a, b, and ¢) is such that

Q=0 Q=

, ()

01 r( =t (17)
Thus, the downstream vortlclty vector makes with the axial
direction, the angle tan ™' (wr/U), so that the net effect of defining
an equivalent axisymmetric flow through averaging the more
detailed three-dimensional theory is to replace the original
concentrated vorticity by an equal total amount of vorticity
which is however distributed uniformly over the flow annulus,
yet still oriented along the zeroth-order streamlines. This
feature is characteristic of the axisymmetric through-flow
theories.

B. General Results for Flow within the Blade Row

We now shift attention to the flow within the blade row, as
given by Egs. (10) and (11). Here it will be more instructive to
look at the velocity compenents (¢, v') in the directions of the
(x, y,) coordinates (see Fig. 1). These velocity components are
obtainable from Eq. (10) through

. oo’ (’)(I)' (8
YToawey\ e T )
wp o 1 6<I>'
. 19
v U(1+p2)”2<0z I (19)

Introducing the abbreviated notation

_ wté M? wé

and carrying out the indicatéd operations, we obtain, for
05z < we,/U

Ba ) * Cax
Wm0 it T, e |

0 x ‘ Cux )
Z {j d‘f e Agglz ~ Uy _ [ (]5 plol® 'w{/L)} Yok RO +
k= Jx

2i Z Z (=1 J dE oi"BY o= huile = 0r&UL o

n=1k=1
Bh"k%R .
’[), » ni

2 i i (-1 {J dée iz OEIUY
0

n=1k=1
Cux A T .
j 4z et ’} eV R} (20)

— Bwp ' 1y
: _ I+ T+
vn.2.0) = AU T 27 [1“ F < +p>

* Cox . 2 13\7{(n. %)
U de- [T (14 ) S

Cax
{ dé e Aoz — & UY _ J\ dé eAnk(Z“ wé/b)} Yok RO+
x g

{’”"—’fﬁ' (i hat) +

Z X V_])th déeinBtpe*)t,,kiz-w{;/UIX

n=1k=1
e B2 nB 32
T RPN (PR R PO
nl{ﬁ P~
x  ® x Cox
2 Z Z (_ ])n {J‘ dée-,l.,,k(z—m;/u) _ J‘ df e}."k(:" wé/U)} X
=1k=1 (Jo x

32 1 .
{(MZ - Sﬁ) Yok ﬂz <1 + ?) hnk} emﬂanB +

4B2 (1 + JE) i (-1 ei';m j: L1, é)dé:l 21

P n=1
The abovementioned expressions for u' and v are quite
general and are valid for both subsonic and supersonic relative
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flow. However, the qualitative character of these expressions
depends strongly on whether 4, is real or imaginary, that is, on
whether the relative flow is subsonic or supersonic. The sub-
sequent analysis is therefore confined to real values of 4, the case
of supersonic relative flow being deferred to a later paper, when
we shall have cause to refer to Egs. (20) and (21) again.

C. Relation to Two-Dimensional Cascade Theory

Equations (20) and (21) can be shown to contain the two-
dimensional cascade approximation to the flow over the blade
at each radial section. To do this, we consider the limit as the
number of blades becomes very large, and h — 1. McCune® has
shown that this limiting process leads to the appropriate quasi-
two-dimensional flow at the blade tip.

We note that

B Bf
lim = 12 (1 M2 = " (22)
li:;o Bpr Bor
and
o) Ko 2m Ky
Rl S 0 B—
U By BL g O x

where M is the relative Mach number at the blade tips, and
Lt = 2nry/B is taken to be finite as B — co. This suggests that,
in order to obtain the quasi-two-dimensional limit at any radial
section, we define a 4,", given by
A" = nBB,/B%p (23)
where 8, = (1 — M,*)"/? and M, is the local relative Mach number.
Of course, in order to obtain the required cascade approxi-
mation, in addition to taking the abovementioned limits, we
would have to exclude also from the general solution the effect
of loading variation along the span; that is, the influence of the
wakes. Thus, all the terms involving the wake functions in Eqs.
(20) and (21) would be excluded. When this is done, and A, is
everywhere replaced by A" in the remaining terms, we obtain
the appropriate quasi-two-dimensional flow about each blade
section. If we denote the corresponding velocity components by
u5p and v5p, and define the following:

Y, =r(0-n/B) (see Fig. 1)
L, =2xnr/B the local blade spacing
Y=y ~ftan¢ + ﬁz(x Htan ¢ =

2

X <
——tan ¢ — — tan
CEA A
the following expressions for u5;, and v, are obtained :

sin ¢ sing {[* d¢
T T {f cos g9

Coo (¢ @ s
20, Y 142 Y g2t fiptle-drin |y

Yr +

wyp(n, X, y,) =

x cos ¢ n=1
if,cos ¢ (= dE
L J 03 ¥, &) x

2

n

8

Q2T MLA— BB x— & +iT) | 1} (24)
1

sin? ¢’ N r
2L, p?cos ¢

p2cos ¢ { [ dg Cax dz
g f 79 cos 4} -

© ) l/i sm¢
142 2/ Ly~ B,/B2 |x— & +iY) r
123 2w

Vap(t, X, y) = —

Cor g - Q2= BB |x =+ iY)
W10 542 X e e 25)
The term 1 in the last bracket of either Eq. (24) or Eq. (25)
has been added merely for convenience. It does not affect the
final results as it adds only a purely imaginary term, while only
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the real parts of the expressions are needed. It however facilitates
further simplification of these results. If we note that B, is real
and positive, recall the identity

cothz = — (1 +2y e2”2>; Re(z) <0 (26)
n=1
and use the symmetry property of coth z with respect to the
real part of z, namely
Real [coth (—x+iy)] = —Real [coth (x+iy)] 27
we may express Eqs. (24) and (25) more simply as

in ¢ r. (sin ¢ —if8, cos 4))

S
uzp(n. X, y,) =

2L, B2 2L, B2
Coo dg B
L o8 ¢y(n f)coth—l: 5 (x— ﬁ)—HY] (28)
sin? ¢T" r

Uzp(rl: X, yr) - 2L 62 COS¢ + 2L COSd)

B.(B,cos p+ising) [C= dé&
2L, p? o COs¢

y(n, &) coth — |:§; (x=8+ 1Y:| (29)

It will be even more convenient, for purposes of identifying
the two-dimensional cascade results, to express the above velocity
components in the variables (s, x’, y,') as shown in Fig. 1. It is
easily shown that
T'sing sing
2L, % 2L, B
l(ﬁ, cos ¢ +isin @)

— d X
T &vn, &)

uzp(n, X, y/) = 5T —1)—

coth {IL/;Z (B, cos ¢ +isin d)[(x — &)+ iy,’/i,]} (30)

B.2 cos oI sin? ¢
2L, B2 2L, B% cos ¢

. . C
B.(B, cos ¢ +i sin ({))J 429, E) x
0

-+

U’ZD(”I! X’, yr/) =

2L, p*

coth {fnﬁ—z (B, cos ¢+ sin ¢) [(x' — &)+ iy,’ﬁ,]} 31)

Comparison of the expressions with Egs. (16a) and (16b) shows
that the first two terms of Eq. (30) represent the local induced
v’ velocity component at the blade by an equivalent actuator
disk replacing the actual blade row, while the first two terms of
Eq. (31) have a similar interpretation. These terms represent a
modification of the original basic flow by the axially symmetric
stream surfaces of the peripherally averaged flow, and to these
must be added the induced velocities of the potential vane flow
through the “cascades” representing the blade passages. The
latter is represented by the terms involving the chordwise
integrals in Eqs. (30) and (31) and give the contribution of the
detailed blade chordwise loading to the local quasi-two-
dimensional flow. These terms can be reduced to the standard
result for an equivalent incompressible cascade flow®"'° by use
of the Prandtl-Glauert-Géthert transformation. Because of our
approximate treatment of the terms in Egs. (20) and (21) in-
volving e**+=~od0 Eqgs. (30) and (31) are limited to regions
within and near the blade row, x'/L, < 1. The cascade results
cannot reproduce the actual three-dimensional total turning
angle,2 which can be obtained from Eq. (16b).

We note that for uniform loading (I' = I), Eq. (31) vanishes
at the sonic radius, i.e., at the radius where M, = 1, for all values
of y,/, thus exhibiting the characteristic two-dimensional tran-
sonic degeneracy. This degeneracy however is removed when the
complete three-dimensional results are considered.

Further, Eq. (30) contains the required local discontinuity in
the v’ velocity component at the blade surface, while Eq. (31) is
continuous there. To show this, we note that coth z has a first
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B=40, h=0'80, 0=02, a=90

Fig. 2 Purely linear loading [Eq. (48)]
compared with modified linear loading [Eq.

49)].

order pole at z = 0, but is regular for ||
series expansion has the form

> (. Thus, a Laurent

0

1
cothz==+ Y qa,z (32)
z

n=1

Introducing this into Eq. (30), and stopping at the first term of
the expansion, we obtain

sin ¢F
uZD(nr x yr ) 2L ﬁz
i (x'=&)—iy/B,
— | d&y(n, &) ———————=— + regular terms 33)
J ) ey T (
Thus
sin ¢ 1
lim R — T -
Jm ke (w2p) = T J dgy(n, &) x
11m |:A—y;—ﬁ'—-*] + regular terms  (34)
=0t (X _é ) +ﬂr Ve
But
L. ¥ B
— 1 — = +5 g 35
T yr'—l'r(l;lt [(X’ - 57)2 + ﬂrzyrrzjl - (x é ) ( )
Hence
sin ¢
uhpn, X'y, =04+) = T T —4y(n, x)+regular terms
and
o in ¢
whpn, X, Y, =0-—) = 31 ﬁ2 —— [ +4y(n, x') +regular terms
so that the jump in u5, across the blade, Au’ ), is given by
Auap(n, X') = ~(n, X) (36)

A similar analysis shows that v}, is continuous across the blade
row.

D. Finite Blade and Wake Effects

The remaining expression from the general results [Egs. (20)
and (21)] which are left after extracting the local quasi-two-
dimensional flow {Eqgs. (24) and (25)] may be regarded as three-
dimensional corrections to cascade through-flow theory, and the
corresponding velocity components denoted by u5, and v,

Thus

usp(n, z,0) = v'(n, z,0)—uzp(n, 2, 0)
V3p(f, z,8) = v'(n, 2, 0)— 121, z, 6)

These expressions may conveniently be written out in terms of
the following operators:

(37

=Y {J dé(e™ uzm @0 1)
k=1 0

Cax
f dE(ePoz=0tl) _ 1)}

Ax. &) = Z Z {j de[e Mmoo irlzmad] . (3g)

n=1k=1

Cax
J‘ di[exnk(z*wé/U)_el,"(Z‘wé/U)]}
x

3(x, &) = z Z j dE(Jyg e~ 2ok 12= 08U _ ) 1 o iplz— wziUl)

n=1k=1
Thus, the three-dimensional corrections take the form

Bwo

"0 = LU+

p2)1/2 [Il(xv é)'})ok RO +

2
I5(x, &)pm Rop €7 ™2+ 213(x, &) liB Vok R €700 4
n

w C, 2/1
%szd%w ﬁgywm<

n=1k=1,0

ei"B(ll/+ n/B) e~ Az~ wi/Ul] (39)

—Bowp
4o = g | 11(X, &)70x Ro—
%DMWWHfW[MQMO

2B,% cos? ¢ .
W 2x, &) ginBur "/B)Ynk R+

2ityx b

4ﬁ2 0 . x 3
Sm¢2(1 WLLMQ&

'262 i i {j dé e~ Audz—ogD) _

sin’ ¢ /=1 k=1

Cax
j dé elmz—'w{/U)} eBUrTBy R oL

x

© 0 [Cor nB/M? 1 Jonie B?
2i dé [A <~ — ~> + 7 X
n§1 1221 J o I\ % PP nB

einB(w+ n/B) e—/l,,klz—-wé/l/lh"k RnB:' (40)

2

Yok RnB emB(\j/+ n/B)+

These corrections are of two types; namely those due to the
number of blades being finite, and those due-to the effect of
trailing vortices. In Egs. (39) and (40), for regions near the blade
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row (z/pr not too large), the terms involving the operators
would vanish as 4, — 4,%, A, — 0; that is as B — co. Hence these
terms may be said to represent the finite blade effects. The
other terms would vanish if I"(r) = 0 since then, both the wake
function and the h,’s vanish. These then represent the effects
of the wakes of the individual trailing vortices behind the blades.

The expressions for the three-dimensional corrections, as
given by Eqs. (39) and (40) are quite general. For computational
purposes, it is helpful to make the assumption that the loading
function (1/cos @)y(n, &) is separable in n and ¢, so that it may
be written as

os <f> (1. &) = T(mg(&) (1)

where g(&) represents a chordwise loading function. If further,
we assume that ¢, = const, then the loading function satisfies
the condition that

Cﬂx
j gg)dé =1 (42)
(4]

Equation (41) enables the quantities (&), (&), xa(n. &), and
hu(&) to be expressed in terms of the corresponding lifting line
quantities, namely
ral) =gy, n2z0
78 = 9T
11, &) = 9(&)G(nBnpr)
hul &) = (&) H

Using the previous simplifications, and substituting 6 =
z+n/B in the general expressions, we obtain the following
expressions for the three-dimensional corrections at the blade
surface:

43)

ol X, 3, = 0) = ;f‘g;{z (S 6, 2= S®Xp. I Ro+
23 T [5u1p. 2= 5up. A Rua+
2i i 21 —S (o, T Ry +

n=1k
2i 2 i( ""B >S,,k‘4)(p,z)H R,,B} (44)
n=1k=1 nB

Vapln, X, 3, = 0) = zi% {i [S4®(p, 2)
Soku)(p' Z)]rokRO 2’8' cos” ¢ Z kz [S (I)P: z)~
Su®p, 2)] T Rop +2i Zl kZlﬂ—BS >0, )T R+
2§ 5[
2‘BZ © o

[Snk(S) - Snk(b)] an RnB +

ﬂZ

Sin2¢n=1 k=1

Sp(p, 2) Zl G,.(npr)} (45)

sin® ¢
where, with 2,° =0, the S, functlons are given by
ffx
S, V(p, 2) = dE[e #mlz=w3I0) _ g~ & 080N
" Jo cos ¢
g(é) eian/UﬁZ(xf &) n=>0
(Cax |
S P(p. 2) = AE[ehtz= o) _ phrie= 0l U] 5
" Jx cos¢
(é) eian/Uﬁz(x‘é) n > 0
Cax
=z — S " — n — wé& U
S p, z) = — d).dg[/ e iz edUl_ g n e iz ol o
JO

g(é) eian/UBZ(x* &
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(Co 1 .
SuPp.2) =1 — ¢d¢e-m'mf/'f'g(c) eMBIUG=O  (46)
»
¥ dé - in, -
Sulp. 2) = cosqS Az @) g (F) giBe/UB 8
Jo
6 (= dE o) inBo/URY(x—¢)
S (p. 2) = o8 ¢e k g(&)e
Jx
~ d&
Splp.2)=| 9(@) w5

This completes the determination of the three-dimensional
corrections for the special case of the loading conforming to
Eq. (41).

It is to be noted that for the kind of loading satlsfymg
Eqs. (41-43), both Eqgs. (21) and (45) contain terms involving the
infinite summation

Z] Gws(nBp)

An approximate expression for this infinite sum, for a large
number of blades (B 2 10), has been given by McCune and
Dharwadkar,*! and is given in the Appendix. It is apparent from
this expression that this sum is singular at the root and tip,
unless dI"/dp vanishes at these points. We must therefore make a
choice of I'(p) that in general satisfies these conditions. This,
however, is not a serious practical limitation on the allowable
choice of IT'(p), since even for a choice of I'(p) that does not
have vanishing derivatives at the hub and shroud, a modified
I'(p) can usually be found that is indistinguishable from the
actual I'(p) everywhere except at the hub and shroud, and that
meets the requirements of vanishing derivatives at these points.
An example is illustrated in the numerical computations.

IV. Numerical Results

In all of the results presented, we limit ourselves to the
indirect or design problem. The direct problem has been treated
by Namba,® and can also be treated by an extension of the
methods of this paper, along the lines given in Ref. 11 for the
lifting line approximation. The bound vortex distribution for the
results presented here is assumed to satisfy Eq. (41). A chordwise
loading function of the form

0O = o —leu= gy )

has also been assumed where £* = £/c,, and the factor ensures
that Eq. (42) is satisfied.
Suppose we have as a specified loading, the linear distribution

represented by
2D(1+h+h*» D
L T v A

where the parameter D is the fractional deviation of the loading
from uniformity, expressed as
=({y—-Tp)/ T

so that for D = 0, we have a uniformly loaded rotor. Equation
(48) as it stands does not meet the requirements of vanishing
derivatives at the hub and shroud unless D = 0. However, if we
consider the modified loading I',,(%) given by

T.0) . 2D(1+h+h?) D

T 31-m) 1—h

D {cosh [aB(1—n)]—-cosh [aB(n—h)] (49)
1—h aB sinh [aB(1—h)]
we find that T,/ =0 at y = h and # = 1 for all values of a. The
value of a can now be chosen so as to make the last term of
Eq. (49) exponentially small over the whole span, and thus nearly
identical with Eq. (48).

Two cases will be considered, corresponding to D =0 and
D = 0.2 in Eq. (48). In the latter case, Eq. (49) will be used, with
a=90. A comparison of the resulting loading with that given

(48)

n-+
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Fig. 3 Upwash velocities: local quasi-two-dimensional approximations
compared with complete three-dimensional results. Uniform loading
(D=0

by Eq. (48) is shown in Fig. 2, for the geometrical parameters
B=40,h=038.

The coefficients H,,, I',,, and the wake function G,(np7)
occurring in the double series in the preceding results are
fully discussed in Ref. 5. In the same reference, the convergence
characteristics of the series, as well as practical guides to
numerical computation of results are discussed. In general,
sufficient accuracy, with an error of the order of 5%, can be
expected by considering only the sum from n =1 to n = 5. For
each n, the number of terms in k would vary, becoming large
as nincreases. For each n the summation over k in the numerical
computations was terminated at k = k,,,(n) where k. (n) for
n =0 to 10, are, respectively, 5, 5, 7, 9, 11, 13, 14, 15, 16, 17,
and 18.

The upwash velocity on the blade surface, as given by the
quasi-two-dimensional approximation, is obtained by simply
setting y,' = 0 in Eq. (31) while the three-dimensional corrections
(finite blade-wake effects) are obtained from Eq. (45). The
complete expression for the upwash, Eq. (21) is also easily
expressed in terms of the S, functions of Eq. (46), and this can
be used directly, when desired.

A rotor with 40 blades, a hub-tip ratio of 0.8, and a solidity,
Cax/Lr = 1.06 will be assumed in all calculations. Here Ly =
2nrr/Bis the blade spacing at the tip. Unless otherwise indicated,
the axial Mach number is taken as 0.5, and the relative tip Mach
number M is 0.9.

It will be convenient to normalize both the upwash velocity
and the camberline profile coordinates by means of the mean
pressure rise coefficient C,, across the blade row. Thus C,o, or
equivalently, the mean loading /UL, may be specified for the
blade row consistent with the linearizing assumptions of the
theory.

Noting that the perturbation pressure at any point in the
flowfield is

o 6(I>> (50)

P=p—<p-w>= —wa—w<5;+ 0

where o _ , is the unperturbed density far upstream of the rotor,
we may differentiate the expressions for @ upstream and down-
stream of the rotor, and show that

2pr

Cp0 = (Prao) —{P-DO-0 U?/D) = — F(F/ULT) (51)

Case 1: Wakeless Flow

This is the case when I is independent of radius, and
corresponds to uniform work at all radii. The wake terms are

Fig.4 Camber-line profiles for uniformly loaded blade (D = 0).

proportional to I''(r), and hence are identically zero. The flow
is thus everywhere the same as the local quasi-two-dimensional
approximation, except for finite-blade effects. (Three-dimensional
effects as used in the present discussion will refer only to the
finite blade and wake effects, the local induced flow due to the
equivalent actuator disk being already included in the local
quasi-two-dimensional approximation to the actual flow.)

Figure 3 shows the induced upwash velocity at the blade as
computed from the quasi-two-dimensional approximation, com-
pared with results from the complete three-dimensional ex-
pressions. In the figures, U, = (U?+w*?)Y? is the relative
velocity at the blade section. The near coincidence of the two
curves shows that finite blade effects are negligible, except
perhaps near the leading and trailing edges of the blade row. It
is unlikely that this effect will become significant for any
practical blade configuration, as long as the loading is uniform.
For this type of loading, the quasi-two-dimensional approxi-
mations to the flow are thus adequate and there is no need to
use the more involved three-dimensional expressions.

The camber-line profiles corresponding to the upwash
velocities of Fig. 3 are shown in Fig. 4. These are obtained by
integration of the camber-line slope v'(x’, 0)/U, along the chord.
Thus if y, is the y,’ coordinate of the camber line, then

dy./dx = v(x',0)/U, (52)
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Fig.5 Upwash velocities: quasi-two-dimensional approximations. Non-
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Fig. 6 Upwash velocities: complete three-dimensional resuits. Non-
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and

G = | 0 g (53
Jo U,Cp
where x* = x'/c, and it is assumed that y,’(0) = 0. The blade is
seen to be heavily cambered at the root, becoming less cambered
towards the tip.

Case 2: Wake Flow

To illustrate the influence of the wake, we consider a loading
distribution such that D = 0.2, but with I'/UL, remaining the
same as for Case 1. Figure 5 shows the two-dimensional
approximations to the upwash for this case, while Fig. 6 gives
the complete upwash velocities, including three-dimensional
corrections. Thus, departures from the quasi-two-dimensional
flow are quite significant, although even here, the 2-D approxi-
mations fairly accurately predict the upwash velocity at mid-
chord, at all radial stations. At the root sections, its predictions
are too high near the leading edge and too low near the trailing
edge. The opposite is true at the tip sections. The corresponding
camber-line profiles are shown in Fig. 7. The blade is now
more cambered at the tip, and the variation in camber from root
to tip is less than in the uniform loading case.

It thus appears that in cases where the relative Mach namber
at the blades is everywhere subsonic, inviscid three-dimensional
effects (defined as corrections to cascade theory combined with
axisymmetric through-flow theory) are almost exclusively due
to the wake. For a uniformly loaded rotor, this effect is un-
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Fig. 7 Camber-line profiles for nonuniformly loaded blade (D = 0.2).
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important, since the wake is absent, but becomes Qquite
significant even for moderate departures from uniform loading.
The above conclusions are not necessarily valid when the
relative Mach number at the tip becomes supersonic.

Appendix: Wake Functions G,z3(nBp)

The expression for each wake function G,z(nBp) is given in
Ref. 2 as

Golp) = GualnBp) = K'(p o' (p)K(p)—~ K'(pr)K ' (pa)l (p) "

K'(po)'(pu)—K'(pe)I'(py)
o [ I'p)K'(pw)l(p)—I'(pn)] (pr)K(p)
L,,” e )" ¥ Koo =K
pr r‘
j pdpK'(p) TR I(p)J
pH P PH

T |
K(p)J I’(p);ﬁdp (A1)

where I(p) = I5(nBp), K(p) = K,p(nBp) are the modified Bessel
functions of the first and second kind, and I'(p) = (d/dp)1,5(nBp),
K'(p) = (d/dp)K ,s(nBp), etc. For uniform loading, dI'/dp =0,
and the wake functions vanish identically. Moreover, the
functions satisfy the wall boundary conditions, whether or not
dl'/dp = 0 at py and py.

For a large number of blades, Bz 10, McCune and
Dharwadkar'! have shown that the infinite sum of the wake
functions,

¥ Gulp)

is given by

g x 1 (o B\ dr
G.p(nBp) = G, Ny o— = dol—-) — B
"2;1 5.5(nBp) n; (p) 2j H < ) i x

on T

Eﬂt}, Vit A fi B/Vze—lef[r,-—f(rﬁﬂ 2]
Tp—1 t+1 T+1
i — (E,Ti% B(Zi})‘?/z 1’;{;_11)3/2 e -2B[ o —(z+1)/2]
Tr— T T-
1J‘DT <
i dp
2 PH
= 1\E T+ 1NB2 /T4 1\B2 o= 22 ]
tp+1 1 T—1
B(',L“f_I)B'z(T”LI)B/ o~ 2Bl e2-w)
T—1 =1
T—1\B2 /T4 1)\B2 -t
ey \erl) \E ¢
r T dp T 1\B2 /24 1\P2 e
1 -] — P eBl—1
T+1 T—1

ot "“‘(f~1 P e
[ a () i
o \B/2 Bi2 -
2 ) T dp - (T+1) ( 1>/ B

T—1 t+1

+

+

i
Qe
= =
—WIA
|t
\/

(A2)

where 1 = (14 p?)"2.

It is obvious that the abovementioned sum is singular at
p=pun and p = pr unless dI'/dp is zero at these points. Thus,
the load distribution I'(p) must be selected to satisfy these

conditions.
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Part II—Transonic Compressor

The authors’ three-dimensional, inviscid, linearized lifting surface theory of compressible flow past an axial
compressor rotor is applied to transonic compressors. From the general solution, quasi-two-dimensional limiting
forms are obtained for a supersonic blade section. The latter consists of an equivalent actuator-disk type flow
due to the azimuthally averaged wake, plus the local two-dimensional supersonic cascade flow. The actual flow
is shown to depart considerably from these quasi-two-dimensional flows, even for uniformly loaded rotors. These
departures are due to two major factors: namely, the propagation of acoustic waves, and the occurrence of
wake induced resonance. These waves influence the flow at all sections of the blade, thus eliminating the sharp
differences that would otherwise exist between subsonic and supersonic blade sections. The resonant modes are
treated by inclusion of certain nonlinear effects, and the acoustic pressure field is investigated and related to the
rotor geometry and aerodynamics. Camber-line profiles are obtained for transonic rotors under specified loading
distributions, and blade forms are shown to be very sensitive to the presence or absence of a wake, for a
specified mean loading. For uniformly loaded transonic rotors, the blade camber becomes reversed near the sonic

radius.

I. Introduction

N part 1 of the present theory,! the three-dimensional,

inviscid, linearized lifting surface solution for compressible
flow past an axial compressor blade row has been presented.
It was shown that, by averaging the three-dimensional flow in
the azimuthal direction, the resulting axisymmetric flow showed
features of the well-known axisymmetric through-flow (actuator
disk) theory. In particular, when the relative Mach number is
everywhere subsonic, the general three-dimensional theory was
reducible to a quasi-two-dimensional limiting form which was
shown to consist of an actuator disk-type flow, on which was
superposed the local two-dimensional cascade flow about the
blade section. Departures of the actual flow from these quasi-
two-dimensional limiting forms were shown to be primarily due
to the presence of individual trailing vortices, that is, the rotor
wake. Thus, for a uniformly loaded rotor, these quasi-two-
dimensional approximations adequately represented the actual
flow at each blade section.

These conclusions have recently been reinforced by Namba.?
Although Namba’s assumptions are the same as in the present
work, his solution is based on a pressure dipole representation
of the blade surfaces, from which the disturbance pressure and
the perturbed field everywhere is then sought.

There has always been some doubt as to the applicability of
the assumption of quasi-two-dimensionality to transonic rotors.>
McCune* has studied the problem of transonic flow through a
nonlifting axial compressor rotor for small values of the thickness
to chord ratio. In the study, the blade thickness distribution
was represented by radial source spikes of varying strength in
the radial direction, and it was shown that the interference

between various sections of the blades was considerable, the flow
at each section being nowhere near to being quasi-two-
dimensional. The primary reason for this radical departure from
quasi-two-dimensionality was the acoustic resonance of certain
eigenmodes which, when excited, drastically alter the flow at all
sections of the blade row.

In the present paper, we make a similar investigation of the
lifting transonic rotor, in which the blades, though having
camber, will be assumed to have zero thickness. We stay, as
before, within the framework of an inviscid, linearized theory.
Within this framework, the complete problem is solved by super-
position of the solutions of the thickness and lifting problems.
For the lifting problem, we identify two major causes of large
departures of the actual flow from quasi-two-dimensionality.
The first is, as in the thickness problem, the excitation of
propagating acoustic eigenmodes when the relative Mach
number at the tip sections becomes supersonic. These modes,
which propagate whether or not there is a wake behind the
rotor make their presence felt at all radial sections, thus altering
the essential pattern of the flow even at the hub sections where
the relative Mach number is subsonic.

The second cause of departures from quasi-two-dimensionality
is the wake. As in the subsonic case, the presence of trailing
helical vortex sheets behind the rotor introduces additional
induced velocities at each blade section. In the transonic case,
however, the wake plays the additional role that it excites
propagating acoustic modes, some of which, under certain con-
ditions can become resonant, that is, have very large amplitudes
within the linear theory ; and when such resonance is excited, the
interference between the different radial sections of the blade
becomes greatly intensified. Since transonic operation always



